In this paper we propose generalized multi-phase multivariate ratio estimators in the presence of multiauxiliary variables for estimating population mean vector of variables of interest. Some special cases have been deduced from the suggested estimator in the form of remarks. The expressions for mean square errors of proposed estimators have also been derived. The suggested estimators are theoretically compared and an empirical study has also been conducted.
Introduction
The estimation of the population mean is constant issue in sampling theory and several efforts have been made to improve the precision of the estimators in the presence of multi-auxiliary variables. A variety of estimators have been proposed following different ideas of ratio, regression and product estimators. Olkin (1958) was the first author to deal with the problem of estimating the mean of a survey variable when auxiliary variables are made available. John (1969) proposed two multivariate generalizations of ratio and product estimators which actually reduce to the Olkin's (1958) and Singh's (1967a) estimators. Srivastava (1971) proposed a general ratio-type estimator which generates a large class of estimators including most of the estimators up to that time proposed. Sen (1972) developed a multivariate ratio estimator under two-phase sampling using multi-auxiliary variables. Singh and Namjoshi (1988) discussed a class of multivariate regression estimators of population mean of study variable in two-phase sampling. Ceccon and Diana (1996) provided a multivariate extension of the Naik and Gupta (1991) univariate class of estimators. Ahmed (2003) put forward chain based general estimators using multivariate auxiliary information under multiphase sampling. In the same situation, Perri (2005) recommended some new estimators obtained from Singh's (1965 Singh's ( , 1967b estimators.
In multipurpose surveys, the problem is to estimate population means of several variables simultaneously (Swain, 2000) . Tripathi and Khattree (1989) estimated means of several variables of interest, using multi-auxiliary variables, under simple random sampling. Further Tripathi (1989) extended the results to the case of two phase sampling.
We suggest general classes of ratio estimators for estimating the population mean of study variable for two-phase and multi-phase sampling using multi-auxiliary variables when information on all multi-auxiliary variables (Full Information Case) or not on all auxiliary variables (No Information Case) is available for population (see Samiuddin and Hanif, 2007) .
Before suggesting the estimators we provide Multi-phase sampling scheme and some useful notations and results in the following section.
Multi-Phase Sampling Using Multi-Auxiliary Variables
Consider a population of N units. Let Y be the variable of interest and X 1 , X 2 , . . . , X q are q auxiliary variables. For multi-phase sampling design let n h and n k (n h < n k ) be sample sizes for h th and k th phase respectively. x (h)i and x (k)i denote the i th auxiliary variables from h th and k th phase samples respectively and y k denote the variable of interest from the k th phase. Let,X i , C x i and ρ yx i denote the population mean, coefficient of variation of i th auxiliary variables respectively and the population correlation coefficient of Y and
, where e y( k)i , e x( h)i and e x( k)i are sampling errors. We assume that E k (e y( k) 
where E h and E k denote the expectations of errors of h th and k th phase sampling respectively. Then for simple random sampling without replacement for both first and second phases, we write by using phase wise operation of expectations as:
The following notations in the following paragraph will be used in deriving the mean square errors of proposed estimators.
|R| 
Result: 1
The following result will help in deriving the mean square errors of suggested estimators
, (Arora and Lal, 1989) . 
Generalized Multi-Phase Multivariate Ratio Estimator for Partial Information Case
, for i = r + 1, r + 2, . . . , r + s, j = 1, 2, . . . , p.
,
Letting,ȳ =Ȳ +d y , where
We can write (3.2) as:
We use information related to auxiliary variables from first and second phase both then the mean square error of T hk(1×p) can be written as:
We can write
Using above substitutions in expression of variance covariance matrix given in (3.3), we write:
Differentiating (3.4) with respect to the matrices on unknown constants A, B and C and equating to zero, solving these equations for optimum values of A, B and C we get:
and
Using the above expressions of A, B and C in (3.4), we can write the variance covariance matrix of T hk as:
where ( s×s) and Σ −1 x (s×s) exist. The variance covariance matrix in the form of variance of y i , covariances and correlation coefficients of x i and y i can be written as:
. In determinants of correlation matrices for |R| ∼ x r 0 and |R| ∼ x q 0, (3.9) can be written as:
Remark: 1
To develop generalized multivariate ratio estimator for two-phase sampling using multi-auxiliary variables for Partial Information Case, replace h by 1 and k by 2 in (3.1), we get the following estimator
The expressions of unknown matrices for which the mean square error of above estimator will be minimum are same as given in (3.5), (3.6) and (3.7). The expression for variance covariance matrix can be directly written from (3.8) just replacing h by 1 and k by 2 as:
The variance covariance matrix in the form of variance of y i , covariances and correlation coefficients of x i and y i is written as: 
Remark: 2
We can develop a univariate generalized ratio estimator for multiphase sampling using multi auxiliary variable for Partial Information Case if we put p = 1 in (3.1) as:
The expression for vectors of unknown constants for which the mean square error will be minimum can be written from (3.5), (3.6) and (3.7) as
The above expressions for unknown matrices can be written in determinants form as:
The expression for mean square error can be directly written from (3.8) as:
It can be written the form of multiple coefficient of determination as:
(3.23)
Remark: 3
To develop a generalized univariate ratio estimator for two phase sampling using multi-auxiliary variables for Partial Information Case we put h = 1 and k = 2 in (3.15). The required estimator becomes
The expression for vectors of unknown constants for which the mean square error will be minimum are same as given in (3.16), (3.17) and (3.18), and these expressions are also given in determinants of correlation matrices in (3.19), (3.20) and (3.21). The expression for mean square error can be written from (3.22) just by replacing h = 1 and k = 2 as:
It can be written the form of multiple coefficient of determination as: 
The expression of unknown matrix for which the mean square error will be minimum can be directly obtained by considering only those matrices from (3.5), (3.6) and (3.7) those includes only order p × r and r × r than we get the required matrix that is Σ
. The variance covariance matrix can be obtained from (3.8) just by considering those matrices having order p × r and r × r. The variance covariance matrix is
(3.28)
All special cases of estimator given in (3.27), in the case on no information and full information, have been discussed by Hanif et al. (2009) .
Empirical Study of Newly Developed Estimators
It can be empirically investigated that the estimator constructed for full information case will be more efficient than the estimator developed for partial information case and the estimator for partial information case will be more efficient than the estimator for no information case. In the case of multiphase, the estimator will be less efficient by increasing the phases but cost will be reduced. For empirical investigation we use determinants of variance covariance matrices/MSE. We use the data of 1998 census reports of province Punjab, Pakistan for four districts Jhang, Gujrat, Kasur and Sailkot. The detail of populations and variables description is given in Table 1 and 2 respectively of Appendix. We consider three variables of interests denoted by Y's and five auxiliary variables denoted by X's for computing the determinants of variance covariance matrices multivariate ratio estimators. For univariate ratio estimators we consider Y 2 as study variable and the same five auxiliary variables as considered in multivariate case. The necessary population parameters for computing variance covariance matrices/MSE's are given in Tables 3, 4 , 5, 6 and 7. We calculate pair-wise determinant of variance covariance matrices/MSE for no information case because in this case two phases at a time can be used. For full information case we calculate variance covariance matrices /MSE's for each five phase separately as it is admissible. The determinants of variance covariance matrices of multivariate ratio estimators for multiphase sampling using pair-wise phases for no information case are given in Tables 8 and 9 , for partial information case, in Tables 10 and 11 and using each phase for full information case in Table 12 . The mean square errors of univariate estimators for multiphase sampling using pair-wise phases for no information case are given in Tables 13 and 14 and for partial information  case in Tables 15 and 16 and for full information case using each phase in Table 17 .
From Tables 8, 9 , 10, 11, and 12, we can say that the multivariate ratio estimators for full information case are more efficient than partial information case and estimators for partial information case are more efficient than no information case for each phase e.g. T2 is more efficient than T12, T3 is more efficient than T13 & T23 etc. and the same is true for univariate ratio estimators (see Tables 13,  14 , 15, 16 and 17). Furthermore we can say for no information case and partial information case from Tables 8, 9, 10 and 11 that as we increase phases the efficiency decreases e.g. T12, is more efficient than all others, T13 is more efficient than all others except T12, T34 is more efficient than T35, T45 but less efficient than all others and so on, similarly the same argument can be made for univariate case from Tables Tables 13 and 14 . Also for full information case the estimators become less efficient as we increase phases because the sample size decreases by increasing phases, it can be seen from Tables 10, 11, 15 and 16 for multivariate and univariate estimators respectively. Table 9 : Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases (No Information Case) Table 11 : Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases (Partial Information Case) 
Appendix
District T12 (h = 1, k = 2) T13 (h = 1, k = 3) T14 (h = 1, k = 4) T15 (h = 1, k = 5) T23 (h = 2, k = 3) JhangDistrict T24 (h = 2, k = 4) T25 (h = 2, k = 5) T34 (h = 3, k = 4) T35 (h = 3, k = 5) T45 (h = 4, k = 5) JhangDistrict T12 (h = 1, k = 2) T13 (h = 1, k = 3) T14 (h = 1, k = 4) T15 (h = 1, k = 5) T23 (h = 2, k = 3)District T24 (h = 2, k = 4) T25 (h = 2, k = 5) T34 (h = 3, k = 4) T35 (h = 3, k = 5) T45 (h = 4, k = 5) Jhang
